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We present a novel approach to engineer the photon correlations emerging from the interference
between an input field and the field scattered by a single atom in free space. Nominally, the
inefficient atom-light coupling causes the quantum correlations to be dominated by the input field
alone. To overcome this issue, we propose the use of separate pump and probe beams, where the
former increases the atomic emission to be comparable to the probe. Examining the second-order
correlation function g(2)(τ) of the total field in the probe direction, we find that the addition of the
pump formally plays the same role as increasing the coupling efficiency. We show that one can tune
the correlation function g(2)(0) from zero (perfect anti-bunching) to infinite (extreme bunching) by
a proper choice of pump amplitude. We further elucidate the origin of these correlations in terms
of the transient atomic state following the detection of a photon.
I. INTRODUCTION
Despite its apparent simplicity, the interference be-
tween an optical field incident on a single atom and the
field scattered by such a quantum nonlinear element gives
rise to a wealth of phenomena. For example, it can pro-
duce strong bunching or anti-bunching of the re-radiated
fields [1–3], or yield a “quantum aperture” for light with
a rich spatial structure of quantum photon correlations
[3]. It can also give rise to non-trivial stimulated emis-
sion statistics at the quantum level [4], induce multi-
photon bound states in scattering [5, 6] or produce pho-
ton number-dependent propagation delays [7]. To realize
the majority of these effects, however, it is necessary to
achieve highly efficient interactions between individual
photons and the atom, such that the incident light and
re-scattered fields become comparable in strength, lead-
ing to a large interference.
Unfortunately, the single photon-atom interaction ef-
ficiency is intrinsically weak in free space. For a single
incident photon focused to an area A and with a wave-
length λ resonant with the transition of a two-level atom,
the interaction efficiency scales ∼ λ2/A [3]. However, the
diffraction limit (A & λ2) and subtleties associated with
tight focusing [8, 9] constrain this interaction probability
to be about ∼ 10% in current experiments [10–12]. For
such low coupling efficiencies, the total field is instead
dominated by the (classical) input field. Thus far, the
only routes to approach unity coupling efficiency have in-
volved either high-finesse cavities [13, 14] or waveguides
with strong field confinement [15, 16].
In this work, we present a novel approach to observe
and manipulate quantum interference effects between an
incoming field and a single free-space atom, even in the
low coupling regime. The key idea is to use two separate
pump and probe fields propagating in spatial modes that
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FIG. 1. Conceptual scheme of the proposed technique. Two
coherent, continuous beams (pump and probe) illuminate res-
onantly a single atom in a “Maltese cross” configuration.
Along the transmitted direction of the probe beam, the total
field consists of the coherent sum of the incident probe field
(small blue arrow) and the quantum field re-scattered by the
atom, which contains contributions from both the probe and
pump beams (small and large yellow arrows, respectively). A
sufficiently large pump beam allows the re-scattered field to
be comparable to the incident probe in intensity, despite a
low collection efficiency η of emitted photons in the transmit-
ted direction. This enables strong quantum correlations to
emerge in the collected field.
only significantly overlap at the atomic position (Fig.
1) [17]. Then, the total transmitted light collected in
the probe direction consists of the input field and the
quantum re-scattered field, which contains contributions
from both pump and probe beams. By tuning the pump
strength, the total scattered field can become compara-
ble to the probe amplitude, allowing for rich correlations
to emerge. In particular, we show that as far as the
transmitted intensity and the second-order field correla-
tion function g(2)(τ), the addition of the pump formally
plays the same role as increasing the coupling efficiency.
This can be used to tune between fully anti-bunched
(g(2)(0) → 0) and extremely bunched (g(2)(0) → ∞)
second-order correlation functions of the total field. We
also provide an interpretation of the physical origin of
these correlations from the atomic state perspective.
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2II. THEORETICAL MODEL
Generally, our goal will be to calculate the spatio-
temporal properties and correlations of a quantum field,
as it propagates and interacts with an atom as in Fig.
1, for which we briefly present our theoretical formalism
here. First, we consider the dynamics of an ideal, two-
level atom with ground state |g〉 and excited state |e〉
driven by a resonant input field with Rabi frequency Ω
representing the combination of classical probe and pump
input beams. The time evolution of the quantum atomic
state ρˆ obeys the master equation
˙ˆρ = − i
~
[Hˆ, ρˆ] +
Γ0
2
(2σˆgeρˆσˆeg − σˆeeρˆ− ρˆσˆee) , (1)
where Γ0 is the free-space spontaneous emission rate and
σˆab = |a〉〈b| are atomic operators with {a, b} ∈ {e, g}.
The Hamiltonian Hˆ from Eq. (1) contains the interaction
term between the atom and a resonant, quantum driving
field. Explicitly, it takes the form Hˆ = −~ (Ωσˆeg + h.c.)
in the laser’s rotating frame. Whereas the spontaneous
emission term of Eq. (1) implicitly encodes the loss of
atomic excitation in the form of radiated photons, the ex-
plicit spatio-temporal properties of this re-scattered field
can be found through the input-output relation [18, 19]
Eˆout(r) = Eˆin(r) + µ0ω
2
geG0(r, ra, ωge) · dge σˆge, (2)
where Eˆin(r) is the input field operator and ra the po-
sition of the atom. The quantity dge is the dipole ma-
trix element associated to the transition |g〉 ↔ |e〉 with
frequency ωge and is connected to Γ0 through the rela-
tion Γ0 = |dge|2ω3ge/(3pi~0c3) [20]. G0(r, ra, ωge) is the
Green’s function in free space, which encodes the field
emitted by a point-like dipole source and satisfies the
electromagnetic wave equation [21][
∇×∇×−ω
2
ge
c2
1
]
G0(r, r
′, ωge) = δ(r− r′)1. (3)
Its explicit form is given by
G0(r, r
′, ωge) =
eik0R
4piR
[(
1 +
i
k0R
− 1
k20R
2
)
1−
−
(
1 +
3i
k0R
− 3
k20R
2
)
R⊗R
R2
]
, (4)
where R = |r− r′| and k0 = ωge/c. The tensor nature of
the Green’s function accounts for the vectorial nature of
both the dipole source orientation and the emitted field.
Eq. (2) states that the total field can be decomposed
into an incident field and a field re-scattered by the
atom, an idea well-known in classical optics. Impor-
tantly, however, such a relation also holds true as an
operator equation. In particular, it enables the quantum
correlations of the output field Eˆout(r) to be calculated
in terms of the input field and atomic state (the latter
being encoded in the solution to Eq. (1)).
Although Eq. (2) is formally true, measuring the fields
at a single point r is not typical from an experimental
perspective. One commonly-used detection modality is
to collect the transmitted light through the atom with
an optical imaging system, which projects the total field
into a certain spatial mode. To provide a specific exam-
ple, in Fig. 1, the probe field might consist of a focused
Gaussian beam, while in the transmitted direction, light
is collected back into the same Gaussian mode. Assuming
that the input and detection spatial modes Edet(r) are
the same, one can project the operator Eˆout(r) from Eq.
(2) into this preferred mode, to obtain (see Appendix)[22]
Eˆdet = Eˆin,det + i
√
ηΓ0 σˆ
ge, (5)
where Eˆin,det is the input field in the detection mode.
Here for convenience, we have re-scaled the field oper-
ators, so that 〈Eˆ†detEˆdet〉 represents the total number
of photons per unit time. The projection of the atomic
scattered field into the detection mode is encoded in
a single parameter, η, which physically describes the
collection efficiency of a single emitted photon into this
mode. By time reversal symmetry, it also provides the
interaction efficiency between the atom and an incoming
resonant photon [23, 24].
As an example, we can consider a Gaussian beam of
waist w, which is focused onto the atom and whose polar-
ization is aligned along with the dipole matrix element.
The spatial mode is given by Edet(ρ, z = 0) = E0e
−ρ2/w2
in the paraxial approximation, with ρ being the radial
distance from the center axis of the beam. By conve-
niently choosing the atomic position to coincide with the
focal point, we find the well-known result that the inter-
action efficiency is η ≈ 3λ2/8pi2w2 (see Appendix)[3].
One could go beyond the paraxial approximation to
account for different corrections, such as the distortion
of the polarization due to tight focusing of the beams
[9] or effects related to the focusing lens [8]. However,
for low values of η, i.e. low focusing of the fields, the
paraxial approximation agrees very well with full vector
solutions [25]. In any case, our results below will be given
in terms of η to be as general as possible, and thus are
independent of such considerations.
III. PUMP-PROBE SCHEME
Having introduced a rather general formalism to calcu-
late the properties of the quantum field, we now apply it
specifically to the pump-probe scenario introduced ear-
lier. As a first step, we explore how the pump modifies
the transmission of light in the probe mode.
3A. Transmission in the collection direction
Following the discussion from Sec. II, our strategy will
be to first obtain the atomic state driven by the total
field (Eq. 1) and use it to construct field correlations
according to Eq. (5). Although the single-atom density
matrix can be readily solved in general, here we focus
on the weak driving regime where |Ω|  Γ0, which
already contains the interesting physics. In this limit,
to lowest order, the steady state solution of Eq. (1) is
ρˆeg ≈ 2iΩ/Γ0 for the atomic coherence and ρˆee ≈ |ρˆeg|2
for the population in the excited state. Their specific
values depend on the Rabi frequency of the total field
driving the atom, which is the admixture of the pump
and the probe contributions, Ω = Ωpump + Ωprobe.
Since the physics will also depend on the relative phase
φ between the probe and the pump beams, we take
Ωprobe > 0 to be positive and real, while allowing
Ωpump = |Ωpump|eiφ to be complex.
Once the atomic state is known, we calculate the trans-
mission of light in the probe mode. We assume that the
pump beam is in a completely orthogonal mode to the
probe, such that its contribution to the detected field in
Eq. (5) only comes via the atomic scattered field. We
define the transmission coefficient T as the ratio between
intensities seen in the detection mode and the probe in-
put, i.e T = 〈Eˆ†detEˆdet〉/〈Eˆ†in,detEˆin,det〉. It can be shown
that for normally ordered correlation functions and co-
herent state inputs, the input field operator Eˆin,det in Eq.
(4) can be replaced by the square root of its correspond-
ing coherent state photon flux
√
Φp [26], according to our
normalization for the operators. Substituting Eq. (5) in
the definition for the transmission coefficient, we find
T = 1− 2
√
ηΓ0
Im {ρˆeg}√
Φp
+ ηΓ0
ρˆee
Φp
, (6)
which explicitly depends on the atomic coherence and
population in the excited state, for which we substitute
the aforementioned values in the weak driving regime.
The resulting expression contains both Ωprobe and the
probe photon flux Φp, which are related through ηΦp =
|Ωprobe|2/Γ0 (see Appendix). With this, it is straightfor-
ward to show that
T = |1− 2Λ|2 , (7)
where Λ = η(Ω/Ωprobe) is an effectively enhanced
coupling parameter that depends on three quantities:
the ratio |Ωpump/Ωprobe|, the pump-probe relative phase
φ and the free-space atom-photon coupling efficiency η.
We now discuss the implications of Eq. (7) starting
with the case without the pump beam, where the trans-
mission takes the well-known value T = |1 − 2η|2 for
single-atom resonant transmission [2, 12, 27]. For small
coupling efficiencies, the light is only weakly attenuated
as the atom can only scatter a small fraction of the
incoming photons. If the probe input mode occupies the
half-space (of solid angle), and moreover matches the
atomic dipole emission pattern, the coupling efficiency
would reach η = 1/2, achieving perfect attenuation
T = 0 (along with perfect reflection R = 1 in the
backward direction). Now, when we introduce the
pump, interestingly we see that for φ = 0, the parameter
Λ is equivalent to a renormalized coupling efficiency.
In particular, even if η is small, one can tune Ωpump
to obtain Λ = 1/2, achieving the previous perfect
“attenuation” T = 0. In this case, the atom elastically
and coherently scatters photons from the larger pump
beam into the collection direction, with an amplitude
and phase that can cancel the incoming probe (Fig. 1).
Of course, the addition of the pump can also increase
the total number of photons scattered in the collection
direction to exceed the number of input probe photons,
causing T > 1.
The ability to tune the transmission coefficient is il-
lustrated in Fig. 2. Here, we plot the spectrum for the
transmission coefficient T , first for no pump (Ωpump = 0)
and for a coupling efficiency η = 0.05 similar to the one
measured in the single-atom experiment of Ref. [12] (Fig.
2a). We have generalized the above calculations to allow
for a non-zero detuning ∆ = ωp − ωge between the in-
coming probe and atomic resonance frequency ωge (Eq.
(7) is obtained for ∆ = 0). A minimum transmittance
on resonance of T ≈ 80% is predicted, as seen in experi-
ments. In Fig. 2b, we then increase Λ to {0.25, 0.5, 1.1}
by increasing the pump amplitude. One can observe the
complete attenuation of transmission for Λ = 1/2, and
also the bump in transmission T > 1 for values of Λ > 1.
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FIG. 2. Transmission spectra of a weak, coherent probe beam
as a function of the laser detuning ∆ with respect to the
atomic transition, in units of the free-space decay rate Γ0.
(a) Transmission spectrum without a pump beam. We take
a realistic coupling efficiency of η = 0.05, consistent with
typical experimental values. (b) Same as (a) but now with an
additional pump beam, with pump-probe relative phase φ =
0. The pump amplitude is tuned to obtain different effective
coupling efficiencies Λ = {η, 0.25, 0.5, 1.1} (colors from light
to dark blue). We note a total extinction of the resonant
transmission for Λ = 0.5 and values of transmission higher
than 100% for Λ > 1.
4B. Photon number correlations
Having discussed the effects of the pump beam on the
transmission spectra, we continue with the second-order
correlation function g(2)(τ), which characterizes the rel-
ative likelihood of detecting two photons separated by a
time delay τ and is defined as
g(2)(τ) =
〈
Eˆ†det(0)Eˆ
†
det(τ)Eˆdet(τ)Eˆdet(0)
〉
|〈Eˆ†det(0)Eˆdet(0)〉|2
, (8)
where the denominator can be obtained from Eq. (7)
since 〈Eˆ†det(0)Eˆdet(0)〉 = TΦp. To calculate the numera-
tor of Eq. (8), it is convenient to move to the Schrodinger
picture. In that case, the numerator physically describes
a process where, starting from the steady state den-
sity matrix ρˆss, a photon is detected at time τ = 0,
which projects the atom into a new conditional state
ρˆ′(0) = EˆdetρˆssEˆ
†
det/Tr(EˆdetρˆssEˆ
†
det). This state is non-
trivial, as the detected photon could have come either
from the atom or from the probe beam. Explicitly, the
annihilation operator Eˆdet (Eq. (5)) contains contribu-
tions both from the probe input and the atomic lowering
operator, implying that the resulting atomic state after
emission is generally not just ρˆ′(0) = |g〉〈g|. The numer-
ator of Eq. (8) then corresponds to the intensity emitted
by the system, Tr(Eˆ†detEˆdetρˆ
′(τ)), as this transient den-
sity matrix evolves in time τ under Eq. (1), eventually
returning back to the steady state. It is straightforward
to show that
g(2)(τ) = e−Γ0τ
[∣∣∣∣ 2Λ1− 2Λ
∣∣∣∣2 − eΓ0τ/2
]2
, (9)
within the weak driving approximation. The form of Eq.
(9) has been previously derived for the case of no pump
field (thus Λ = η) [2, 12, 28]. From Eq. (9) we see that
the form remains unchanged in the presence of a pump,
with the coupling efficiency replaced by Λ = ηΩ/Ωp.
That is, from the standpoint of transmission (Eq. 7) and
also second-order correlation functions, the addition of
our pump beam plays exactly the same role as achieving
a high coupling efficiency, within the weak driving
regime and assuming mutually orthogonal pump-probe
spatial modes. This constitutes the central result of this
work.
Next, we study the two-photon correlation function
within different regimes of interest. We start by con-
sidering the case with no pump, where Λ = η. Plot-
ting the result of Eq. (9) for a low coupling efficiency
of η = 0.05, we naturally find that the statistics of the
total detected field are dominated by the one from the
input coherent state probe, g(2)(τ) ≈ 1 (Fig. 3a). On
the other hand, by tuning the pump such that Λ = 1/2,
one can achieve extreme bunching at zero time delay,
g(2)(0)→∞. More precisely, an exact calculation shows
that g(2)(0) ∝ (Γ0/Ω)4, as the Rabi frequency is re-
duced. The large bunching coincides with the suppres-
sion of the linear transmission T = 0 in the denominator
of Eq. (8). Physically, with the complete cancellation
of the linear response, the remaining photons detected
in g(2) are those arising from nonlinear processes, where
the atom acts as a frequency mixer and the re-scattered
photons propagate past the atom in a correlated fashion
[29, 30]. Furthermore, in cases where strong bunching is
observed at τ = 0, a perfect anti-bunching g(2)(τ) = 0
of the photon correlations can be found at later delay
times τA = (4/Γ0) ln |2Λ/(2Λ− 1)| (Fig. 3b,c). The
expression for τA also holds for the parameter regime
1/4 ≤ Λ < 1/2, and in particular, for Λ = 1/4, one
finds perfect anti-bunching at τ = τA = 0. As we discuss
later, this can be understood from the transient atomic
state following the detection of the first photon, which
happens to instantaneously emit light with an amplitude
and phase that cancels the probe beam, before relaxing
back to equilibrium. Finally, for large values of Λ  1,
the scattered field dominates over the probe, giving rise
to the characteristic anti-bunching of the pure atomic
emission (Fig. 3d).
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FIG. 3. Second-order correlation function g(2)(τ) of the trans-
mitted field, as a function of time delay τ for a weak, coher-
ent probe beam. In (a) the pump amplitude is set to zero
and we take an experimentally realistic atom-light coupling
efficiency of η = 0.05. Due to the low coupling efficiency,
the transmitted field mostly consists of the incident coherent
field, and thus g(2) ≈ 1 for any τ . In (b) and (c), a non-
zero pump yields an effectively enhanced coupling efficiency of
Λ = 0.3 and Λ = 0.4 (respectively), giving rise to non-trivial
photon correlations. In (d) we consider the case of Λ = 10,
where a pump beam much stronger than the probe causes the
total field correlations to be dominated by the atomic scat-
tered field, which is trivially anti-bunched. Light blue regions
correspond to notably anti-bunched correlations (g(2) < 0.5)
while light yellow is used to indicate large photon bunching
(g(2) > 10).
5Overall, we see that just with a proper tuning of the
pump field, one can switch from completely anti-bunched
to extremely bunched photon correlations in the total
transmitted field. While thus far we considered the rela-
tive phase of the pump beam φ = 0 to be fixed, we can
alternatively plot the second-order correlation g(2)(0) for
varying amplitude |Ωpump| and relative phase, as shown
in Fig. 4a (for a fixed efficiency η = 0.05). It can be seen
that the strong anti-bunching and bunching features exist
within a reasonable tolerance of the relative phases and
amplitudes. Likewise, in Fig. 4b, we consider a fixed
relative phase φ = 0 and vary the efficiency η. For ref-
erence, we also provide the beam waist w corresponding
to this coupling efficiency, assuming a paraxial, Gaussian
detection mode (where η = 3λ2/8pi2w2).
FIG. 4. g(2)(0) as a function of the coupling efficiency η,
the pump/probe relative phase φ and the amplitude ratio
|Ωpump/Ωprobe|. In (a) we fix η = 0.05 and plot g(2)(0) as
a function of |Ωpump/Ωprobe| and φ. In (b) we show again the
values for g(2)(0) but now fixing φ = 0 and exploring different
η. Additionally, we show the beam waist w associated to the
values of η assuming a spatial Gaussian detection mode within
the paraxial approximation. As extreme values of bunching
are possible, we represent all the values g(2)(0) ≥ 10 by the
same color.
IV. CONNECTION WITH THE TRANSIENT
ATOMIC STATE
In this section, we present an alternative description
for the origin of the second-order correlations, now from
the atomic state perspective. As shown in the previous
section, starting from the steady state, the detection of
a photon at t = 0 projects the atom into the new condi-
tional state ρˆ′(0) (which in general is different from the
ground state). With this, g(2)(τ) is then related to the av-
erage intensity of the conditioned total transmitted field
since g(2)(τ) = 〈Eˆ†detEˆdet〉ρˆ′(τ)/T , with ρˆ′(τ) obeying Eq.
(1). It is helpful to explicitly write out the solution to
the transient atomic coherence,
ρˆ′ge(τ) =
−2iΩ
Γ0
(
1 +
2Λ
1− 2Λe
−Γ0τ/2
)
, (10)
where we again neglect terms of order Ω2. The pop-
ulation in the excited state can be obtained through
ρˆ′ee(t) = |ρˆ′ge(t)|2 within the weak driving approxima-
tion. From Eq. (10), the atomic coherence of the pro-
jected state right after the detection of a photon reads
ρˆ′ge(0) = −2iΩ/[Γ0(1 − 2Λ)]. Then, when there is no
pump and η is small, one can see that ρˆ′ge(0) ≈ ρˆssge as
the first photon measurement barely affects the atom.
For Λ = 1/4 (perfect anti-bunching), the atom in the
conditional state radiates a scattered field that cancels
the input probe amplitude at τ = 0, as can be confirmed
by substituting the conditional atomic coherence ρˆ′ge(0)
into Eq. (5). If Λ > 1/4, the conditional total field has
the opposite sign at τ = 0 compared to its steady state
value. Thus, as it relaxes back to equilibrium, g(2)(τ)
becomes anti-bunched at τ = τA, when the conditional
total field switches sign and passes through zero.
Exactly at Λ = 1/2, individual photons cannot be
transmitted through the atom when the system is in its
steady state, as the linear transmission T = 0 from Eq.
(7). Instead, the only transmission events for weak driv-
ing consist of photon pairs, which are frequency mixed
by the atom. The individual photons of this pair have
no well-defined phase, but are frequency correlated with
each other [29, 30]. This lack of phase is reflected in the
conditional atomic density matrix. In this case, the lin-
ear approximation ρˆ′ge(0) = −2iΩ/[Γ0(1 − 2Λ)] breaks
down, and an exact calculation reveals that the atom is
completely mixed, with ρˆ′ee(0) = ρˆ
′
gg(0) = 1/2.
V. CONCLUSIONS
We have described a new scenario in which a single,
laser-illuminated atom can produce strongly non-classical
photon correlations in the total field. Considering two
laser beams that meet at the atom, we find scenarios
in which the detected atomic contribution can easily be
made comparable in strength to the detected laser con-
tribution. We show that the effect of the second beam,
which acts as a pump, is in some scenarios formally equiv-
alent to an increased atom-light coupling efficiency. This
allows one to achieve correlations associated with cou-
pling efficiencies beyond what is practically possible, and
even beyond what is physically possible, i.e., above 100%.
We expect that our method can be immediately applied
to observe interesting quantum behaviour in existing ex-
periments where single atoms are coupled to tightly fo-
cused beams. It would also be interesting in the future to
explore more broadly whether other single-atom, quan-
tum scattering phenomena can be effectively “amplified”
by similar techniques.
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7Appendix: Derivation of the mode-projected
operators
Here we derive the projection of Eˆout(r), Eq. (5) in the
main text, starting from Eq. (2), following closely the
arguments in Ref. [22]. The quantized electromagnetic
field can be expressed as a combination of plane-wave
operators of the form Eˆk,ˆk,j (r) = E0(k)uk,ˆk,j (r)aˆk,ˆk,j ,
labelled by the wave-vector k and the orthonormal po-
larizations ˆk,j with j = {1, 2} and k · ˆk,j = 0. Here, we
define uk,ˆk,j (r) = e
−ik·rˆk,j as the plane-wave spatial
mode, aˆk,ˆk,j is the associated photon annihilation oper-
ator, and E0(k) is a normalization factor, whose specific
form is not relevant here. For a fixed |k| = k0, one can
alternatively construct a field operator Eˆα(r) based on
any superposition of plane waves of the same |k|,
Eˆα(r) = E0(k0)aˆαEα(r), (11)
where the associated spatial mode reads
Eα(r) =
k20
(2pi)2
∑
j=1,2
ˆ 2pi
0
dφ
ˆ pi
0
sin θ dθ cα,θ,φ,j×
× e−ik0(x sin θ cosφ+y sin θ sinφ+z cos θ)ˆk0,j . (12)
Here, we have utilized the spherical coordinates kx =
k0 sin θ cosφ, ky = k0 sin θ sinφ, kz = k0 cos θ and dVk =
k20 sin θdθdφ to express the linear combination as an inte-
gral over solid angle. The scalar product (mode overlap)
between two arbitrary spatial modes Eα(r) and Eβ(r)
is defined as the two-dimensional integral over any fixed
plane z = const.
〈Eα|Eβ〉 ≡
¨
z=const.
d2r E∗α(r) ·Eβ(r), (13)
where the plane wave modes fulfill the orthonormality
relation
〈uk0,φ′,θ′,j′ |uk0,φ,θ,j〉 =
(2pi)2δjj
′
k20sinθ
δ(θ−θ′)δ(φ−φ′). (14)
The spatial mode overlap from Eq. (13) can be related to
the electromagnetic field power P defined as the integral
of the z-component of the Poynting vector in the plane
z = 0. Explicitly,
Pα = 20c
ˆ
z=0
d2r E∗α(r) ·Eα(r) = 20c 〈Eα|Eα〉. (15)
From here, the field operators can be conveniently
re-normalized such that expectation values of the
form 〈Eˆ†αEˆα〉 are in units of photons per unit time.
To do so, we start by considering a field Eˆdet(r) in
the spatial detection mode Edet(r). Multiplying the
fields by the normalization constant N , we impose that
〈NEˆ†detNEˆdet〉 ≡ Pdet/~ωge yielding N =
√
20/~k0Fdet,
where Fdet = |〈Edet|Edet〉|. This normalization will be
implicit for the rest of this section.
Next, we apply the previous ideas to evaluate the pro-
jection of the atomic scattered field operator Eˆsc(r) (sec-
ond term in Eq. 2) into any desired detection mode
Edet(r), using Eq. (12) and Eq. (13), by writing both
the Green’s function and detection mode in a plane wave
expansion [22]. This gives, within the previous normal-
ization,
〈Edet|Eˆsc〉 = ideg
√
k0
2~0Fdet
E∗det(ra) · d σˆge, (16)
where E∗det(ra) is the conjugate of the amplitude of the
spatial detection mode evaluated at the atomic position
ra. We note that although the mode function Edet(r)
can be arbitrarily rescaled by a global coefficient,
this freedom is eliminated in Eq. (16) through the
normalization constant Fdet, thus making the result of
the overlap clearly defined.
Now, we will show that Eq. (16) can be written in an
even simpler way, involving only the collection efficiency
η defined as the probability that a photon emitted by
the atom is measured in the detection mode. For conve-
nience, we consider the scenario where the atom starts in
the excited state and it is not driven by any field, such
that ρˆee(t) = e−Γ0t and a single photon is emitted as
t→∞. The explicit value of η is then given by the time
integral of the overlap from Eq. (16),
η =
ˆ ∞
0
dt|〈Edet|Eˆsc(t)〉|2 = 3pi
2k20
|Edet(ra) · d|2
Fdet
. (17)
For a detection mode that matches exactly the radiation
pattern of a point dipole over 4pi (all solid angle), one
obtains a maximum of η = 1. We notice that Eq. (17)
allows us to establish the relation
√
Φp = |Ωprobe|/
√
ηΓ0
from the main text, as Φp = 20c|〈Ep|Ep〉|/~ωge for the
probe beam in the detection mode. Substituting the
collection efficiency η from Eq. (17) into Eq. (16), we
arrive at Eq. (5) in the main text.
Finally, we explicitly calculate the collection efficiency
from Eq. (17) for the particular case of a spatial, Gaus-
sian input (and detection) mode, within the paraxial ap-
proximation. As commented in the main text, the spatial
mode takes the form Ep(ρ, z = 0) = E0e
−ρ2/w2 which im-
plies that 〈Ep|Ep〉 = E20piw2. Thus, assuming that the
field is polarized along d, the coupling efficiency takes
the value η = 3λ2/8pi2w2, as in the main text.
